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INTERMEDIATE MATHEMATICS 



This study guide is intended to provide teachers who use Intermediate 
Maibet. Jks as a text book with references to materials which will help them to 
gain a better understanding of the mathematics contained in the text. These 
references may also be useful in collecting library materials and preparing ma* 
ferial for in-service and self study programs. 

The mathematics presented in Imefmediatv Mathematics is significant mathe- 
matics, both for its own sake and as a preparation for collegiate mathematics, 
and the expositions are pedagogically sound. The experience of many teachers 
who have used the text has shown that the material in it is teachable to high ' 
school students. The extent to which the text is effective in stimulating students 
interest in the study of mathematics depends, in Jarge measure, on how thoroughly 
the teacher understands the mathematics in the .ext. 

Some of the features of the text which serve to emphasize the importance of 
a genuinely strong background in mathematics on the part of the teacher are 
given below. 

( 1 ) The text presents many mathematical ideas which require somewhat 
more sophisticated expi^sitions than those found in traditional texts. 

(2) The text puts considerable emphasis on prcx^fs. 

{ 3 ) The authors of the text were not content merely to ^» ve rules but sought 
to provide a logical basis fur understanding rules. In order to do this, 
they often had to forego the luxury of a short and easy presentation in 
favor of a careful, methodical, and lengthier development. 

It must not be assumed that the use of the guide will afford the teacher the 
same kind of opportunity for formal study as that which is afforded by summer, 
academic year, or in-service institutes, or other formal programs. It is hoped, 
however, that this guide will serve as an effective supplement to more formal study, 

1. READING MATHEMATICS 

The student of mathematics must accept the fact that the technique for read- 
ing mathematics differs from that for reading a newspaper or novel. The com- 
pactness of mathematical symbolism makes sf^ial demands on the reader. In 
reading a newspaper or novel, one can often skim superficially over sentences or 
even paragraphs without losing the thread of the story; in reading mathematics, 
such a procedure may result in a complete Ic^ of understanding. 

In mathematics one must read slowly and carefully* After a first reading to 
get the general idea, and a second reading to come to grips with details, still 
funher reading may be necessary to gain mastery. 

To read mathematics successfully requires paper and pencil. Calculations and 
arguments in the text should be checked by the reader to ensure complete 
umierstanding. 

2. ORGANIZATION OF THE STUDY GUIDE 

The main purpc^ of this study guide is to list and organize suitable references 
for study. The organisation of topics is by chapter headings. First there is a brief 
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resume of the content of the chapter of the text Iniermcdiatc Mathematics. Then 
follows a list of annotated references which are classified as elementary and 
advanctv 

(a) An elementary reference is one in which the level of the exposition is 
comparable to that in the text Intermediate Mathematics. Topics covered 
do not correspond completely m all cases. 

(b) An advanced reference is one in which troncepts are treated at a more 
advanced level than in Intermediate Mathematics. In some cas^ fewer 
topics are developed m the advanced reference but they are developed 
more rigorously and with greater sophistication. Others provide signifi- 
cant variations and extensions of the topics treated in Intermediate 
Mathematics. 

Although these lists of references were obtained by a close examination of 
many books» the lists are not exhaustive and suggestions for appropriate additions 
are welcome. At the end of the study guide there is a complete bibliography for 
the entire guide. Tliis bibliography is arranged alphabetically by authors. 
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Chapter 1 — NUMBER SYSTEMS 

Four important systems of numtxfrs are considt?red in this chapter; the natural 
numbers, the integers, the rational numbers, and the real numbers. Strong emphasis 
is placed on the algebraic structure of these number systems, with stress on the 
*'basic properties" of equality, addition, multiplication, and order relations. These 
properties are identified as being "basic" because other algebraic properties of each 
system are then deduced from them. 

The stmcfural properties common to ail of these systems are emphasized by 
parallel treatments of them — rather than by a sequential treatment in which 
each system is constructed f \\ its predecesst)rs. 

The chapter ends with a .'view of radicals, factorisation of polynomials, and 
the manipulation of rational expressions. 

Elementary References 

Adler, The New Mathematics 

A popularly written book with emphasis upon the gri)up, ring, and field 
structure of the subsystems of the real number system. 

Allhndohrffr and Oaklhv, Principles of Mathematics, (Revised), 
Ch. 1-2, pp. 1-86 

A treatment of the real number system and its subsystems, including 
pr{x>fs of familiar algebraic laws as consc^quences i)f the basic pri)pertie$ 
of the systems. 

CouRANT AND RoHBiNS, What IS Mathematics? pp. 1-4, 52-72 

A good survey of the real number system in which many of the details of 
the development are skipped and in which geometrical representation of 
numbers is employed. The treatment is in much the same spirit as the 
one in Iniermcdu^e MaibemaSicu 

Maria, The Structure of Arithmetir and Algebra 

An axiomatic development of the real number system written particularly 
for the secondar)^ school teacher or non-science student. The real number 
system is considered as an orderffd field and there is a discussion of the 
various subsystems and a st^mewliat rambling treatment of peripheral 
topics. 

Advanced References 

Bates and Kiokemeister. The Real Number System 

This book considers the real number system as a "complete ordered field" 
and provides detailed treatment of irs subsystems similar to that of 
Intermediaie MatbemaSics, but it carries the study much further. 

Hoffman, Basic Analysis, Ch, 1, pp. 1 50 

A discussion of the four number systems quite similar ta the treatment in 

National Council of Teac:hhrs of Mathematics, Insights into Modern 
Mathematics, Twenty-third Yearbcxjk, Ch, 2, pp. 7-35 
A brief treatment of real numbers based on the extension of the various 
subsystems from the natural numbers. It includes a discussion of mathe- 
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matical induction, isomorphic systems, and integers as ordered pairs of 
natural numbers. 

Olmsted, The Real Number System 

This book considers the real number system as a "complete ordered field" 
and provides detailed treatment of its subsystems similar to that of 
Intermediate Mathematics, but it carries the study much further. 

Roberts, The Real Numbers in an Algebraic Setting 

This reference provides sequential developments of the number systems, 
beginning with the natural numbers and pnxeeding to the construction 
of each of the others in a much more sophisticated treatment than that 
of Intermediate Mathematics, 

Thurston, The Number System 

A detailed construction of the real number system from Peano's axioms. 
The first half of the book consists of explanatory comments bearing on 
and preliminary to the careful construction which follows in the second 
half. 

Waismann, Introduction to Mathematical Thinking 

A careful and thorough discussion of number systems, the history of their 
development, and of relevant logical and philosophical problems. It goes 
far beyond the treatment of Chapter 1 of Intermediate Mathematics 



Chapter 2 — COORDINATE GEOMETRY 

The coordinate geometry in Intermudiate Mathematics is essentially developed 
in three chapters. Chapter 2 is devoted to an introduction to coordinate geometry 
in the plane, Chapter 6 treats the straight line and the conic section* and Chapter 
8 includes a limited introduction to coordinate geometry in three dimensions. 

In Chapter 2 a coordinate system in the plane is essentially defined to be a 
'bnc*ro*one correspondence between the set of all points in the plane and the 
set of all ordered pairs of real numbers." The formula for the distance between 
two points and the timditions for perpendicularity and parallelism of lines is 
developed 

Considerable attention is given to describing techniques of sketching graphs 
of equations and inequalities in two variables. Careful definitions are stated for 
the symmetry of two points with respect to a line, and the symmetry of two points 
with respect to a third jMiint. A starred seaion is devoted to ptooh of theorems 
from synthetic geometry using the methods of coordinate getOTctry. Finally, there 
is a section ..hich concentrates on finding algebraic descriptions (equations or 
ifiequalittes) of sets of points determined by specific geometric conditions, 

Elementary References 

Fuller, Analytic Geometry, Ch. 1, pp. 1^^^ 

This reference treats about the same topics vs'hich appear in Intermediate 
Mathematics. The entire book may be considered a rather thorough refer- 
ence for the analytic geometry that is prerequisite to a study of calculus. 



Kline, Osteklk and Wiluon, Foundations of Advanced Mathematics, 

Chs. 16-18, pp. 192-2^5. 248-254 
A standard incrtxiuctdry treatment of the usual topics from axirdinate 
gcoractfy, 

Richardson. Fundamentals of Mathematics (Revised Edition). Ch< 9. 
pp, 224^264 

A treatment of all of the major topics included in Chapter 2 of Ifinrme- 
dtase Marhematics. Contained also are some interesting enrichment 
materials. 

Smail« Analytic Geometry and Calculus, Chs. 1-3. pp. 1-69 

This reference contains a standard inttt>duction to rectangular c(H)tdinatt*s 
in the plane, a development of the analytic geometry of the straight line, 
and a rather thorough treatment of equations of curves. 

Smith. Galh and Nhklky, New Analytic Geometry, Chs. 2-3, pp. 6-45 

This reference provides a standard exposition of cartesian ciK)rdinates 
and equations of cuiv^es. The development includes a discussion of all 
major topics treated in Chapter 2 of Intirnwdiatv Muthimaitcs, 

School Mathematics Sti dv Groi f. Supplementary and Enrichment 
^ Series^ Plane C(N>rdinate Geometry 
This reference contains an enlightening intrixluction to the topic of co- 
ordinate geomery. It contains developments of the notion of slope of a 
line, the distance and mid-point formulas, equations of lines and circles, 
and also includes S4)me pnnjfs of fhct)rems from geometry using the 
methixjs of cinirdinate geometry. 

Advanced References 

COMBELLACK, Introduction to Elementary Functions, Ch. 3, pp. 45-66; 
Ch.6, pp. 152- 1 89 
This reference includes a treatment of the same topics that are treated in 
Inicrmcdiafv MalhemaSics. but they are presented within a framework that 
includes a number of additional topics, 

Hoffman, Basic Analysis, Ch. 3, pp, 60-99 

A plane coordinate system is defined in the s*ime way as in IntcrmcJiaic 
Mathvmatic^ and essentially the same ideas ate developed but from a more 
rigorous and formal point of view. 

School Mathkmatics Study Groi p. Analytic Geometry, Chs. 1-5, 
pp. 1-194 

This reference wiii provide the reader with a broad background for the 
work in Chapter 2 of Iniermediate Malhcmatics, Reading of the complete 
three-part text is highly recommended. 

Chipfw 3 — THE FUNCTION CONCEPT AND 
THE UNEAR RJNCTION 

The definition of a function is given in terms of two sets and a rule of cor- 
respoi^ncc. Vurioiis examples of functiotis are given, and functional notation is 
introduced and use ^ extensively throughout the chapter. The graph of a function 
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is defined as tjie set tif all ordered pairs pn>duced by che rule of the function. If 
the domain and ran^e of a function o^nsist of real numbers, the expression "the 
graph of the function ' is also used to denote tlie geometric fi>;ure resultinj; from 
plotting the ordered pairs as pi)ints. Various means of defining (or describing) 
specific functions are given. There is a brief intr<>duttion to compt)sition of 
funaions and inverses of functions. 

Tlie linear function is singled out for special attenrii^n. It is a function de- 
fined by an equation y — a x + b. where j and /; are real numbers and a — 0. 
Thus in this text "linear function" is synonomiujs with "first degree function/' 
It is shown that a linear function sets up a one-one Ci)rrespondence between the 
set of all real numbers and the set of all real numbers and that, therefore, its 
inverse exists, whi<.h is also a linear function. 

Elementary References 

Doi.ciAXf. BiRMAN Axn WcxnoN, Mcxlem Algebra and Trigonometry, 

Ch 6. pp. 203-220 

This treatment differs from that in IntvrvuJiatc Matbcmatiis in that the 
disiussion of functions is preceded by a section on relations. A function 
IS defined accordingly as a set of ordered pairs. Sct-builder notation is used. 

HAVm-N AND Fisc:hi:r. Algebra 11, Ch. 1. pp. 1-6; Ch. 4, pp 130-166 

The introductory treatment of functions in Chapter 1 is very brief and 
contains few examples. Chapter 4, on the cnher hand, has an extensive 
coverage of the linear function. Abundant use is made i>f set terminology. 
There is much greater emph.isis on the geometrical consideratic:ns of a 
linear function than in Jutirtncdtutc Mathanatics, 

Johnson, Li-Nr^FV. Sm:snk;k and Bai F5. Modern Algebra, Second Course, 
Ch. 8, pp. 266-297 

The ta'atnient parallels that of hUirfnviliati: Mafhumatiis, Set-builder 
notation is used extensively to designate domains of functions and to 
express sets of orderc»d pairs. 

Advanced References 

Allendoerfhr and Oaki iTV. Principles of Mathematics, Second Edition, 
Ch. 6.pp. 187.218 
The treatment of funuiions gi^rs lx7«)nd that of IfUirmidiatc Mathimatics 
in content, i^oth ihe usual functional notation and the ' arrow" notation 
are used. 

FiSHKR AND ZlliHl R, Integrated Algebra and Trigonometry, 
Ch.2,pp. 17^74 

An excellent discussion of the function concept. The content is com- 
parable to that in Innrmi Jiaiv Mailwrnaius, but the level of exposition 
is somewhat higiier. Constant functions, as well as first de^^ree functions, 
are embraced by the term * linear function/* 
St:HooL Mathematics Sti dy Groi p. Supplementary and Enrichment 
Series: Functions 
This is a very readable treatise on functions, giving many examples of 
functions ind their graphs. Included in this study are constant functions. 
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linear functitms* the ;ibst)lute-v.ilue function, composition of functions, 
and inversion ot functitms. In rhc tasc section functions are considered 
OS sets of ordered pairs. 
Trimble and Lott, Elemenrary Analysis, Ch. 4. pp. 9^-1 18 

A rather complete discussion of the linear function. The approach to 
functions in this text is through relations. 



Chapter 4 — QUADRATIC FUNCTIONS AND 
QUADRATIC EQUATIONS 

Quadratic functions are studied by considering a succession of s|^\ial types, 
starting with the function defined by the equation y x ' and culminatin^^ with 
the genera! quadratic function defined by the equation y - ax bx 4- where 
a. b, and c are real numbers and a i). A study of the graphs i)f the various types 
of quadratic functions is made. 

Various methi>ds of solving quadratic equations are given and the relationship 
of the r(H)rs to the coetfuicnts i^ studied. Included also are equations that are 
transformable ti) quadratic equatiims, a study of quadratic incx]ualities and a 
section cm applicatiims. 

Elementary References 

BKiiMFiKr. tic HOi.z AM) SHANKS, Algebra II, Ch. 4, pp 101115 

Solution of quadratic equaticms by factoring is discussed first, then the 
method of cumpletin^ squares and the quadratic formula. Graphs of 
quadratic functions are then discussed briefly. 

DOLQANi, lifcRMAN AND WooTDN, Modern Algebra and Trigonometry, 
Ch. 6, pp. 220-244; Ch. pp. 268-280 
The portion in C!hapter 6 is devoted to quadratic functions, the various 
types bein^ studied in much the same way as in hitcrmcdfati' Mathvviatic^. 
In Chapter 7 the solution of quadratic Liquations is taken up, and the role 
of the discriminant is explained for the cases where the ciK'fficients of 
the quadratic equati./n are real numtufrs. 

Hayden and Fischhr, Algebra Two, Ch. 5. pp. 167-I'X) 

A discussit)n of quadratic functions which is stron^^ly t)riented toward 
geometrical considerations. Intercepts on the cix)rdinate axes and sym- 
metry with respect to a line are given prominence. The content is some- 
what limited in scope. 

ROSSKOPF, WiLLoi GHBV AND VtK.ELi. Modern Mathematics, Algebra 
Two and Trigonometry, Ch. 7. pp. 21 1-224 
A fairly concise ituu readable treatment of quadratic functions. The auth- 
ors ch<xjse to talk about »'ros of quadratic functions instead 4>f r<KUs of 
q>iadratic equations. In content this stxtion fails short 4}f Chapter 4 of 
lni€fmediutv Mathitnaiics. 

Vannatta. Gcx)Dwin and Fawc eit, Algebra Two, A Modern Course, 
Ch, 6, pp. 165-182 
An abbreviated di^ussion uf quadratic functions but a detailed and very 



ERIC 



71 

COlO 



readable discourse on the methiKls of solving quadratic equations. There 
is a scitiun cm cquattDOs in quadratic form and also a section on verbal 
problems involving quadratic equations. 

Advanced References 

All£NDOERFEK and Oakley. Principles of Mathematics, Ch. 5, pp. 132*162 
A very concise and fu«mai discourse on quadratic equations and quadratic 
inequalities. 

Beckenbach, Drooyan and Wooton, College Algebra, Ch. 4, pp. lOO- 
107; Ch. 6. pp. 163-169, pp. 183-186 
A concise treatment of quadratic equations. Graphs of quadratic func- 
tions and graplis of quadratic inequntities arc discussed in separate sec* 
fions of Chapter 6. 

Fished and Zie&iie^ Integrated Algebra and Trsgonometr)% 
Ch. 6, pp. 227-237 
This college freshman text has a concise discussion of quadratic functions 
under the heading "Polynominals of the Second Degree." In' content it 
fails short of Intermediate Mathematics. 

Trimble and Lott, Elementary Analysis, A Modern Approach, 

Ch. 6, pp. 229-246 
A careful developmental approach to the solution of quadratic equations 
and quadratic inequalities. Graphs are used freely in the discussion. 



Chifitor 5 — THE COMPLEX NUMBER SYSTEM 

In this chapter the system of complex numbers is introduced as the extension 
of the system of real numbers which has the field properties and contains an 
clement i for which i- = — I. From these properties the rules of calculation with 
complex numbers are deduced. The algebraic and geometric properties of the 
system which do not depend on trigonometry for their expression are discussed. 
Finally, it is shown that the system of ordered pairs of real numbers with addition 
and multiplication defined as suggested by the earlier discussion, has 1 the 
propcnies required of the system of complex numbers. 

Elementary References 

Brumfiel, Eicholz and Shanks, Algebra II, Ch. 5, pp. 127-} 46 

In this rcferticc the C4>mplex number s>'stem is intn>duced as in Chapter 5 
of ImefmediaSc Mathen^atics, but with emphasis on statement and veri- 
fication of propenies, rather than development. 

Fisher and Ziebur, Integrated Algebra and Trigonometry, 
Ch.5,pp. 199 207 
Here complex numbers are introduced as ordered pairs of real numbers, 
for which equality, addition and multiplication are defined. The exposi- 
tion is at a somewhat higher level than in Intermediate Mathepiatics, 
but fewer topics are covered here. 
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Johnson, I.endsev, Slesnick and Bates, Modern Algebra — Second 
Course, Ch. 4, pp. 126-163 
A discussion of the complex number system that priKecds along similar 
lines to that in Intermediate SU* hematics, llure are differences, however, 
in the derails. Pure imaginary numbers are discussed first at some length 
and then they get "wedded" to the real numbers. The "ordered pair" ap- 
proach is nut mentioned. 

Ro&SKOPF, WiLLOiGHUY AND VoGEM, Modern Mathematics — Algebra 
Two and Trigonometry, Ch. 8, pp, 229-253 
ITie complex number system is "buiir" by extending the real number sys- 
tem through adjunction i)f the element i. In the development of the new 
number system much emphasis is pluccnl on following familiar patterns. 

School Mathhmatics Sn dy Grolip, Elementary Functions 
(Partl).Ch. 2, pp. 74-84 
Here the Fundamental Theorem of Algebra and the discussion of com- 
plex nxits of a polynomial are presented in the context of a genera! dis- 
cussion of polynomial equations. 

Vannati A, Goodwin and Fawc hit. Algebra Two — A Modern Courset 
Ch. II, pp. 340-330 
In this treatment of complex numtxfrs, the real number system is extended 
by adjunction of the element i. 

Advanced References 

Knopp, Elements of the Theory of Functions, Ch. 2, pp. 1 V27 

The complex number system is developed in terms of ordered pairs ot real 
numbers, motivatc^d by gc*ometric interpretation. 

Lbdermann, Complex Number^ Ch. I, pp. 1-27 

The discussion of the structure of the complex number system i§ on an ele- 
mentary level. Other topics, however, are presented more extensively and 
at a higher level than in Intermcdidte Mathematics. 

McCoy, Introduction to Modern Algebra, Ch. 7, pp, 112-116. 

In this text complex numbers arc introduced in terms of ordered pairs of 
real numbers. There is a hrief discussitm of other major topics tif Chapter 5 
of Intermediate Matbetnatics. 

Chapttf 6— 'EQUATIONS OF RRST AND 

SECOND DEGREE IN TWO VARIABUS 

This chapter provides a systematic treatment of graphs of equations of the first 
and second degree in two variables, using the techniques of analytic ge<imetry. The 
theorem is proved that the graph of a linear equation is a straight line and that 
every straight line is the graph of a linear equation. The equaticm of the parabola 
is developed from the usual hKus definition with the aid of the distance formula. 
Subsequently, the general equation of the conic is devel oped from the ratio defini- 
tion, and the definitions of the ellipse and hypn^rbtila are given in terms of the ratio 
definition. Those properties of the ellipse and hyperbola which involve "focal dis- 
tances** are developed. 
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Elcmrotar)' References 

CoMBELLACK, Iniroduccfon to Elementary Functions, Ch. 7, pp. 190-227 
The standard forms of the equations of the parabola, ellipse, and hyperbola 
are dcveIo{w*d from the ratio definition of a conic as in Intermediate Matbe- 
matics. The usual "sum of distances" and "difference of disrances" proper- 
ties of the ellipse and hyperbola, respectively, are proved as theorems. 

Kells and Stotz, Analytic Geometr>% Chs, 4- 5, pp. 56-85 ; Ch. 8, pp. 1 1 7" 1 50 
This reference provides a standard treatment of equations of lines and cir- 
cles. The equations of the conic sections are developed from the ratio defini- 
tion as in Intermediate Mathematics. 

Smith, Gale and Neelev, New Analytic Geometry, Chs. 4-6, pp. 46 107 
This reference provides a good discussion of the analytic geometry of the 
line- The developments of equations of parabolas, ellipses, and hyf^rbolas 
proceed from the usual locus definitions. Eccentricity is discussed infor- 
mally in connection with the shapes and ellipses and hyperbolas. 

Advanced References 

Allendoekfer andOakley, Principles of Mathematics, Ch. 9, pp. 276 519 
This reference contains a conden^rd treatment of the analytic geometry of 
the line and of the conic sections usually considered essential to a study of 
the calculus. Direction cc^ines are used in developing the equations of a 
line and in proving certain theorems abc^ut parallel and perpendicular 
lines. Polar coordinates and parametric equations are introduced. 

Fuller, Analytic Geometry, Ch. 2-3, pp. 28-81 

This reference contains a thorough treatment of the analytic geometry of 
the line and the conic seaions. 

Gl!CKsman and Ruderman, Funcbmentals for Advanced Mathemiatics, 
Ch. 11, pp. 312-324; Ch. 17, pp. 412^431 
A treatment of the analytic geometry of the line and the conic sections. The 
developments are thorough. The equations of the conic sections are devel- 
oped from the ratio definition as in Intermediate Mathematics, 

Protter and Morrey, Calculus with Analytic Geometry, Ch. 3, pp. 40 65; 
Ch. 9, pp. 254^26^; Ch. 10, pp. 286-330 
Thir reference takes up systematically the analytic geometry of the line, 
circle and the conies. The equations of the parabola, ellipse and hyperbola 
are developed from the "fcxral distances" definitions. Eccentricity of the 
ellipse and of the hyperbola are presented as propenies of the associated 
curves. 

SCH(X)L Mathematics Study Group, Analytic Geometry, 

Ch. 7,pp, 267-307 

The development in this reference is based on the assumption that the 
student is familiar with most of Chapter 6 of Intermediate Mathematics. 
Polar equations of the conic sections are developed first, and the corres- 
ponding rectangular equations are derived by nar.sformation of coordin- 
ates. In using this reference the reader is advised to familiarize himself with 
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the six chapters that precede the single chapter whicli is cited. Reading 
of the complete three-part text is highly recommended, 
Smaii , Analytic Geometry and Calculus, Ch. 12, pp. 231-277 

The equation of the parabola is developed in a standard way. The equations 
of the ellipse and hyperbola are developed from the "fiKal-distances" dcfini- 
eions. The ratio properties are stated as theorems. 

Chapter 7 — SYSTEMS OF EQUATIONS IN TWO VARIABLES 

Solution sets of equations snd of systems of equations in two variables are 
defined in the early part of the chapter. The important concept of equivalence of 
equations and of systems of equations is carefully developed and is used to find the 
solution sets of systems of linear equations. Systems of equations other than linear, 
in two variables are alsi) considered. Finally, there is a discussion of inequalities 
and systems of inequalities in tw^o variables. 

Elementary References 

Cameron, Algebra and Trigonometry, ( Revised Edition), Ch. 5, pp. 56-61 
Solution of systems of two equations in two variables by graphs and by 
elimination. Emphasis is placed upon equivalence of systems of equations. 

DoLciANf, Berman and Wooton, Modern Algebra and Trigonometry, 
Ch. 3, pp. 95-100, pp. 102-107 
A lucid treatment of systems of equations in two variables and of systems 
of inequalities in two variables. The method of "linear combinations'* of 
arriving at a system which is equivalent to a given system, is explained 
very clearly, 

Johnson, Lendsev, Slhsnick and Bates, Modern Algebra — Second 
Course, Ch. 2, pp. 70-84 
The notion of equivalence of equations in two variables and of systems of 
equations in two variables is us^d as a tmU but the reader is expeaed to 
be familiar with the notion beforehand. Systems of inequalities are also 
discussed. 

Rc^KOPF, WiLLOUGHBV AND VcxiELi, Modern Matthcmartcs — Algebra 
Two and Trigonometry, Ch. 10, pp. 285-292 
A brief treatment of systems of equations in two variables. Equivalence 
of systems is expbined in a clear fashion. 

Vannatta, Gcx>dwin and Fawcett, Algebra Two — A Modern Course, 
Ch- 7, pp. 215-222, pp. 227-240 
The discussion in this text is somewhat less theoretical than that of Ituer- 
mediate Maihemaiics, geometrical motivation being used to a much greater 
degree. Included in this treatment are systems of equations in two variables, 
systems of linear inequalities in two variables, as well as other systems. 

Advanced References 

Andree^ Selections from Modern Abstract Algebra, Ch. 6, pp. 145-15S 
Matrices are used to solve systems of linear equations in two or more vari- 
ables. If the reader is not familiar with matrices, he will find that studying 
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Chapter 5 of this reference will give him adequate preparation for Chap- 
ter 6. 

Olmsted, Solid Analytic Geometry, Ch. Ill, pp. 56-67 

This reference giv^ a very concise treatment of simultaneous linear trqua* 
tions. Matrix methods of solution are employed. The notion of rank of 
matrices is used to determine the existence of solutions of systems of 
equations. 



Chapter 8 — SYSTEMS OF FIRST DEGREE EQUATIONS 
IN THREE VARIABLES 

The chapter stans with an introduction to the three dimensional reaangular 
coordinate system. The formula for the distance between two points is developed 
and this formula is used to find the equation of a plane each point of which is 
equidistant from two given points. It is then shown that the equation of every 
plane is a first degree equation in three variables, and converecly. 

Solution sets of equations in three variables and of systems of equations in 
three variables are disciissed. Graphical and algebraic methods of solving systems 
consisting of two or three linear equations in three variables are given. The alge- 
braic method developed is that of reducing the system to triangular form. 

Elementary References 

DotOAN!, B£EMAN AND WooTON, Modern Algebra and Trigonometry, 
Book 2, Teacher's Edition, Ch. 3, Special Section, pp. A-G 
This seaion includes not only algebraic solutions of systems of linear 
equations (and equations which are linear in form) in three variables, 
but introduces a three dimensional coordinate system and demonstrates 
graphically the solution of a system of three linear equations in three 
unknowns* 

Fisher axd Zjebur, Integrated Algebra and Trigonometry, 
Ch. 7, pp. 265-269 

The triangulation method of solving systems of linear equations in three 

or more variables is given here. 
Johnson, Lendsey, Slesnjck and Bates, Mcxiern Algebra, Second 
Course, Ch. 2, pp. S4<SS 

This brief section gives only an algebraic solution of systems of equations 

in three or more variablei* 
ROSSKOPF, WiLLOUGHBY AND VoGELi, Modem Mathematics, Algebra 

Two and Trigonometry, Ch. 10, pp 292-294 

This seaim discusses only algebraic solutions of systems of linear equa- 
tions in three variables. 

Advmt^td Reference 

Andree, Selections from Modem Abstract Algebra, Ch. 6, pp. 145-158 
This short chapter on linear systems deals with algebraic solutions of 
terns of linear equations in three or more variably A superficial acquaint- 
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ancc with matric« and row operations matrices is assumed. The 
reading level is otherwise quite elementary. 
Cameron, Algebra and Trigonometry, ( Revised Edition ), Ch. 5, pp. 61-64, 
Ch. 6, pp. 69-91 

Solution of systems of equations by reduaion to equivalent systems in 
echelon form. Matrices are used in writing and solving systems of equa- 
tions. There is a study of determinants and their application to solving 
systems of equations. 
ElSENHART. Coordtnate Geometry, Ch. 2, pp. 71-77, pp. 88-93 

This college level text has u more traditional treatment of rectangular 
coordinates in space. There is quite a careful introductory discussion of 
reaangular coordinates in space and a derivation of the distance formula 
for two points. The treatment of the equation of a plane is based on a 
preceding section dealing with the equations of a line in space. 

Olmsted, Solid Analytic Geometry, Ch. Ill, pp. 56-67 

This reference gives a very concise treatment of simultaneous linear equa- 
tions. Matrix methods of solution are employed. The notion of rank of 
matrices is used to determine the existence of solutions of systems of 
equations. 

School Mathematics Study Group, Analytic Geometry, 
Ch. 8, pp. 309-313, pp. 324-327 
The three dimensional rectangular coordinate system is introduced and 
the formula for the distance between two |K)ints is derived. It is shown 
that the equation of every plane in three-space is a linear cx]uation of the 
form ax by+cz+d ^ O. Some gtaphs of first degree equations in three 
variables are shown. 

Chapter 9 — LOGARITHMS AND EXPONENTS 

In this chapter the logarithm function is defined in terms of the area under the 
curve y — ^ i^nd over the interval from I to x { k >o and x >o ) . Proper choices 

of values of k yield log x and log,, x. The properties of the logarithm functions 
and their graphs are derived from this definition. This is followed by an explanation 
of how logarithms are used in computation. 

The exponential function is defined as the inverse of the logarithm function. 
While this order of presentation is essentially the reverse of the exponent - loga- 
rithm approach found in many current text books, it has the advantage of pro* 
viding an acceptable definition of a^ when x is an irrational number. 

Elementary References 

Davis, The Lore of Large Numbers^ pp. 10-32 

A discussion of large numbers expressed in exptmential form. This is light 
reading. 

Glicksman and Rudi^kman, Fundamentals for Advanced Mathematics^ 
Ch. 18, pp. 432^449 
A more fonnal approach is used to define the exponential function. The 
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existence* for example, of the function fR(x) = 2* (domain: all reals), is 
postulated to satisfy a set of axioms. The usual properties of the exponen- 
tial and logarithmic functions arc derived from these axioms. 

Hayden and Fischer, Algebra Two, Ch. 7, pp. 237-277 

The more traditional approach in which the exponential function is de- 
fined first and then the logarithm funaion. If b is an irrational number, 
10^ is defined to be the limit (which is assumed to exist) which 10'' ap- 
proaches as X approaches b through a sequence of rational numbers. 

Johnson, Lendse^-, Slesnick and Bates, McKfern Algebra — Second 
Course, Ch. 6, pp. 223-265 
A treatment of the exponent-logarithm approach which is quite similar to 
that of Hayden and Fischer, Algt^bra Tu o. 

Markushevich, Areas and Logarithms 

This translation of a Russian monogn^ph provides an elementary treatment 
of areas and leads to the following definition of the natural logarithm 

Inb - ^' X Mx (Inb meaiis log^b). The basic properties of logarithms 

are then deduced from this definition. The reader need not have had any 
previous experience with natural logarithms or calculus. 
School Mathematics Study Group, Elementary Functions, 
Ch. 4, pp. 180-189 
Applications to radio-active decay, compound interest, and laws of cool- 
ing are discussed. 

Taylor and Wade, University Freshman Mathematics, Ch. 9, pp. 220 247 
A treatment of the exponent-logarithm approach on an intermediate level 
of difficulty. 

Advanced References 

Fates and Kiokemeister, The Real Number System* Ch. 5, pp. 52-64 
A rigorous disaission of real numbers as exponents. 

NivEN, Calculus, An Introductory Approach* Ch. 7, pp. 12M3I 

A treatment of the logarithm - exponent approach, in which log x is de- 
fined as f *— , for x>o, and expi^nential function is defined as the in- 

verse of the natural logarithm function. This bot^k is recommended for 
teachers who desire a quick and refreshing reacquaintance with calculus. 
Protter and Morrey, Calculus with Analytical Geometry, 
Ch. 11, pp. 351-362 
The natural logarithm function is defined by the equation Inx = 

y^*Xdt, x>o. Its properties are derived fronypreviously established prop- 
erties of integrals. The exponential function is defined as the inverse of 
the logarithm funaion. 



Chapter 10-- INTRODUCTION TO TRIGONOMETRY 

The main part of the treatment of trigonometry is presented in Chapter 10, 
la additi'^n, certain aspects of the subjea are used extensively in Chapter 1 1 which 
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deals with vccmrsi and in (Chapter 12 which deals with the polar form of complex 
numbers. Thv point tjf departure in the development presented in Chapter 10 in- 
volves a discussion i)f motions (or paths) on the circumference of a circle. Tluee 
units of angle measure are introduced: radiar measure, degree measure and revo- 
lution. The six trigonometric functions of angles are defined first; then the six 
trigonometric functions of real numbers are defined, A number of basic properties 
involving the sine and cosine functiotis are proved as theorems. Applications of 
the trigonometric functions are made to striving problems involving triangulation. 
Graphical representation of the trigonometric functions is used to motivate the 
concept of pjcriodicity. The Law of G>sines and the I^w of Sines are derived and 
then applied to the st>lution of the general triangles. Proofs of the usual addition, 
difference, and di)uble angle formulas as given. 



Elementary References 

Allendoerfkr and Oakley, Fundamentals of Freshman Mathematics, 
Chs. 12-13, pp. 233-298 
The two chapters in this reference contain standard treatments of trigono- 
metric functions of angles as well as trigonometric functions of real 
numbers. 

Allendoerfer and Oakley, Principles of Mathematics, Ch. 8, pp. 252-275 
This reference contains a treatment of the trigonometric functions of real 
numbers. Included is a section devoted to amplitude and frequency modu* 
lation of radio carrier wavc*s, 

Brixey and Andree, Modern Trigonometry 

A development of the trigonometric functions of an angle and trigono- 
.metric functions of a number. The book also contains considerable review 
material from algebra. 

Brumfiel, Eic:hc:>lz and Shanks, Algebra II, Ch, 11, pp. 306-345 

The single chapter in this reference contains a short, yet reasonably com- 
plete and rigorous intrcxiuction to the trigonometric functions. 

Cameron, Algebra and Trigonometr)\ ( Revised Edition ; , Chs. 9-10, 
pp. 150.241 

Chapter 9 of this reference deals with trigonometric functions of angles. 
Chapter 1 0 treats functions of real numbers and concentrates on the 
analytic aspects of the subject. 

DoLClANf, Berman and Wcx>ton, Modern Algebra atid Trigonometry, 

Chs. 10.]l,pp. 373-445 
In Chapter 10 of this reference a careful distinction is made between cir- 
cular functions, whose dc lain is the set of real numbers, and trigonometric 
functions, who$c domain is a set of angles. In Chapter 1 1 the usual projH^r- 
ties of circular (and trigonometric) functions are developed in such a 
way that the results apply both to circular and trigonometric functions. 

Hayden and Fischer, Algebra Two, Chs. 8 9, pp. 278-341 

This reference contains a treatment which, except for details and organi- 
zation, is similar to the treatment in Intermediate Mathcviatics. 
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Her££RG and Bristol, Elementary Mathematical Analysis, 
Ch. 7, pp. 214-271 
The single chapter contains a complete introductory treatment of trigones 
metry for high ^ooi students. The functions are derived by wrapping a 
number line around the unit circle. Included is a brief discussion of the 
representation of sin x and cos x as "nonterminating polynomials. The 
discussion of graphical methods for representing functions and also the 
brief discussimi of inverse funaions should be ^spcciaiiy helpful to both 
students and teachers. 

RossKOPF, WiLLOUGHBY AND VcxJELi, Modem Mathematics; Algebra 
Two and Trigonometry, Chs. 11-13, pp. 311-435 
The three chapters named in this reference constitute a complete intro- 
duaory treatment to plane trigonometry for high school students. The 
work is introduced with a development of the concept of the wrapping 
function. The sine and cc^ine funaions are denned to be functions having 
the same domain as the wrapping funaions. At the end of Qiapter 13 
there is a brief introduction to veaors. 

School Mathematics Studv Group, Supplementary and Enrichment 
Series: Circular Funaions 
This reference contains essentially the same material as Chapter 5 of 
School Mathematics Study Group's ElemefUary Functions, 

Advanced References 

FiSHEH AND ZiEBUB, Integrated Algebra and Trigonometry, 
Ch. 4. pp. 107^198; Ch. 10, pp. 365-391 
This is an excellent reference to plane trigonometry. The presentation is 
developed at a level which will not overwhelm readers who are studying 
the subject for the first time, nor bore those who already have an acquaint* 
ance with the subject. In Chapt^ 4 the trigonometric funaions of real 
numbers are introduced. Later on the trigonometric funaions of angles arc 
considered. Chapter 10 deals with Inverse trigtmometric functions and 
tri^nometric equations. 

Glicksman and Rudekman, Fundamentals for Advanced Mathetnatics, 
Ch& 13-14, pp. 340-377 
This book provides a treatment of trigonometry which is rather formal 
but nonetheless an interesting variation of the treatment in Intermediate 
Mathematics, 

MOORB, Modern Algebra with Trigonometry, Chs. 6-7, pp, 122*^207 

Chapter 6 contains an elementary devcbpment of the trigonometric func- 
tions of angles. Chapter 7 provides an advanced level treatment of analytic 
trigcmametry. 

Trimble and Lott. Elementary Atialysis: A Modern Approach, 
Ch. 4, pp, 148471; Ch. 9. pp. 407-496 
In this pre^caiculus text, the essentials of plane trigonometry are presented 
from a tnodern point of view, A modest introduction to polar coordinate 
complex numbers as veaors, and the polar form of complex numbers is 
included 
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Chapter 11 — THE SYSTEM OF VEaORS 

In this chapter vcaors in the pianc and the operations of addition and multi- 
pliatioa by a scalar are introduced in terms of direaed line segments. The intro- 
duction of a coordinate system leads to the notion of owaponcnts of a veaor and 
the representations of vcaors and vector operations in terms of ordered pairs of 
real numbers. The "geometric" and "algebraic" repr^ntations of the system of 
plane vectors arc rebted by way of the notion of a basis. The inner product of two 
vcaors is defined both "geometrically" and "algebraically." The discussion of 
plane veaors is extended, by analogy, to vectors in space. 

Applications to the proof of geometric theorems and to physical problems in- 
volving forces and velocities are discussed. There is a brief discussion of the ab- 
stract notion of a vector space. 

Elementary References 

Johnson, Lendsey, Slesnick and Bates, Modern Algebra, Second 
Course, Ch. 14, pp. 540 568 
The discourse is comparable to that of Chapter 1 1 of Intermediate Matbe- 
nuaics, except that there are no physical applications given and abstraa 
vector spaces are not discussed. 

School Mathematics Stuw Group, Analytic Geometry, Ch. 3, pp. 91-1 38 
The discussion in this book parallels that of Chapter U of Intermediate 
Mathematics, No physical applications appear and the notion of an ab- 
stract vector space is not introduced. Considerably more is done with 
geometric applications than in Intermediate Mathematics, 

Schuster, Elementary Vector Geometry 

The discussion parallels that of Chapter 11 of Intermediate Mathematics 
but is at a slightly more advanced level. Although there is no mention 
made of abstract vector spaces, many topics of interest are included that 
are not found in Intermediate Mathematics, 

Advanced References 

Macbeath, Elementary Vector Algebra, pp. 11-58 

The discussion in this book concerns vectors in space from the outset and 
treats plane vea(»5 as a special case. Abstract veaor spaces are not intro- 
duced, but many other topics of interest are included. 

McCov, Introduction to Moaern Algebra. Ch. 10. pp. 195-220 

A largely self-contained and reasonably well-motivated discussion of ab- 
stract vector spaces in the context of a general discussion of modern 
al^bra. 

POLVAt Mathematical Methcxis in Science* Ch. 2-3t pp. 53-172 

AddiGOcd specifically to secondary school mathematics teachers. Chapter 
2 presents a particularly well-motivated discussion of most of the physical 
applications considered in the text, and additional physical applications 
are discussed in Chapter 3* 
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Chapter 12 — POLAR FORM OF COMPLEX NUMBERS 

In this chapter the properties of ccmplcx number system which require trigo- 
nometry for their exposition are discussed The polar form is in multiplication, 
division, raising to a power, and finding roots of complex numbers. The method of 
solution of quadratic equations with ccmplex coefficients is given. 

Eletnentaxy References 

Hart, Algebra, Elementary Functions, and Probabilitys Qi. 7, pp. 190-197 
This reference gives a standard treatment of the trigonometric form and 
its use in computation. There is an ample supply of drill-tyj^ exercises. 
McCoy, Incroduccion to Modern Algebra, Ch. 7, pp. 11 7- 125 

A concise treatment of the trigonometric form of representation of a com- 
plex number and its use in multiplication, division, raising to a power, and 
finding roots of complex numbers. 
ROSSKOPF, WiLLOUGHBY AND VOGELI, Modern Mathematics, Algebra Two 
; Trigonometry, Ch. 14, pp. 437-450 
The polar form of a complex number is developed in a clear fashion. Dc 
Moivre's Theorem, given without proof, is used to find powers and roots of 
^ complex numi^rs. Principal roots arc introduced. 

Advanced References 

Deaux, Introduction to the Geometry of Complex Numbers, pp. 16; 19-21 

The level, both of content and exposition, is considerably above that of 

Chapter 12 of InU'rmtdiatc Mathematics, 
Knopp, Elements of the Theory of Functions, Ch. 2, pp. 27 31 

A very concise treatment of the polar form of a complex number. 
Knopp, Theory of Funaions, Part 11, Ch. 4, pp. 93-106 

The subject of Riemann surfaces in the appendix to Chapter 12 of Inter-^ 

mediate Mathematics is a very advanced topic. Knopp's btxik presents the 

simplest and clearest poteible discussion. 
Ledermann, Complex Numbers, Ch. 1, pp. 27 41 

Sec Ledermann, Complex Nrwihcrs, in the references for Chapter 5 of 

Intefmcdiate Mathematics. 
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Chaptar 13 --SEQUENCES AND SERIES 

In this chapter a sequence of numbers 

aj,a^„a,^ . . . , a^^, . . . , 
is defined as a function whose domain is the set of all pc^itive integers. The indi- 
cated sum a^ + a, -f a^^ + . . , +3,, + ... is called an infinite series. Series, 
both finite and infinite, ai« denoted by means of summation (sigma) notation. 
The sums of finite arithmetic and finite geometric series are obtained without the 
use of mathematical induction. The notion of the limit of a sequence is introduced 
aiul the sum of an infinite series (if it has a sum) is defined as the limit of the 
sequence of partial sums, 
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Elemeneary References 

Beckekbach, Droovan and Wooten, College Algebra^ 
Ch, 12, pp. 340-575 
This chapccr contains quite an extensive treatment of mathematical induc- 
tion, finite sequences (including arithmetic progressions and geometric 
progressions), finite series, the limit of a sequence, and infinite geometric 
series. 

Brumfiel, EiCHOLZ AND SHANKS, Algebra II, Ch. 12. pp. 353-358 

This short discussion deals chiefly with arithmetic and geometric progres- 
sions ( series ) , using mathematical induction to prove results. 
DoLciANi, Berman and Wcx)ten, Modern Algebra and Trigonometry, 
Book 2,Ch. 13, pp. 487-509 
A treatment of arithmetic and geometric series in which summation nota- 
tion is employed. Infinite geometric series are included. 
Johnson, Lendsey, Slesnick and Bates, Modern Algebra, Second 
Course. Ch. 10, pp. 357-373 
Mathematical induction is used to derive formulas for the sums of finite 
arithmetic and finite geometric series. 
ROSSKOPF, WiLLOUGHBV AND VoGEii, Modern Mathematics, Algebra II 
and Trigonometry, Ch. 15, pp. 455-468 
This easily read discussion employs the discovery approach. 

Advanced References 

Apostol, Calculus, Volume I, Introduction; With Veaors and Analytic 
Geometry, Ch. 9, pp. 410-429 

This brief introduction to infinite sequences and infinite series contains 

an interesting opening section on Zeno*s paradox. 
Bellman and Beckhnbach, An Introduaion to Inequalities, pp. 48-62 

An intermediate level discussion of arithmetic and geometric meatis* 
Fisher and Ziebur, Integrated Algebra and Trigonometry, 
Ch. 9, pp. 337-359 

In this reference the induction axiom is stated in terms of a sequence of 

numbers. The relationship of arithmetic series to linear functions and of 

geometric scries to exponential functions is disc. ^sed. Infinite geometric 

series are included. 
Lang, A First Course in Calculus Ch. XV, pp. 21 1-218 

A brief introduction on the calculus level to infinite series- A few simple 

tests of convergence are given. 

Clupfftf 14 --PERMUTATIONS, COMBINATION, AND 
THE KNOMIAL THEOREM 

This chapter is devoted to counting problems, with emphasis upon set termin- 
ology and the avoidance of ambiguous terms such as "choice," "act/* "event," "op- 
eration,** ''occur/' "perform," "happen," and so on. The fundamental ideas under- 
lying the counting procedures developed arc precisely those at the very core of the 
definitions of equality, sum, and product for natural numbers. 
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Applications of the mukipUcation principle {Ij ore repeatedly made by 
counting the number of items in a rectangular array. This leads to a straight for- 
ward, almo« mechanical, prtKedure which enables the student to apply the most 
fuivc of numerical ideas to the solution of some rebtively sophisticated prd>!etns 
of enumeration, 

The other matters discussed in the chapter* including the binomial theorem, 
arrangements, and seleaions with repetition, are handled in the orthodox ways 
using the results previously obtained in the studies of n-tuples and permutationi 

Elementary References 

GUCKSMAN AND RUDERMAN, Fundamentals of Advanced Mathematics, 

Ch. 9, pp. 241-259 
A brief treatment similar to that of Intermediate Maihemaiks, Mathe- 
matical induction is used in proofs of some of the theorems. 
Haydbn and Fischer, Algebra Two, Ch. 11 

The discussion of permutations and combinations is preceded by a careful 
development of inductive sets and their use to define the addition and 
multiplication operations for natural numbers. Linear arrangements arc 
then carried out in terms of mappings, with combinations then defined in 
terms of permutations, 
Johnson, Lendsey, Slesnick and Bates, Modern Algebra, Second 

Course. Ch. 11, pp. 374-413 
A more traditional appraich to permutations and combinations than in 
Intetmediaie Mathematics, necessitating the use of such terms as "choice," 
"aaion," ''results," ^nd so on. 

Advanced References 

Beckenbach, Drooyan and Wooton, college Algebra, 
Ch. 13, pp. 376-399 
A brief treatment of permutations and combitiations which employ the 
counting properties of the cardinality of finite sets. There is an introduc- 
tion to sample spaces and events. 

Kemenv, Snell and Thompson, Introduction to Finite Mathematics, 
Ch. Ill, pp. 79-108 
Counting problems are approached in terms of partitions of a set. Set 
terminology and the algebra of statements developed earlier in the book 
arc used in this chapter. 

Chapter 15 — ALGEUSAIC STRUCTURES 

The algebraic structures of groups, fields and subfields are developed in this 
chapter in relation to earlier content of the text. 

Elementary References 

AtLENDOERFER AND Oakley, PrlnciplM of Mathematics (Revised 
Edition), CK 4, pp. 106423 
A readable treatment of group structure with a number of examples and 
proofs of elementary properties. A discussion of subgroups is included, 
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MESERve AND SoBUL, Mathematics for S^oadary School Teachers, Ch. 4 

A brief treatment of mathematical systems. 
Sawyer, Prelude to Mathematics, pp. 97-101 

A popular treatment for laymen of groups of movements in relation to 

symmetries of the rectangle and equilateral triangle. 

Advanced References 

Andree, Selections from Modem Abstract Algebra, Ch. 4, pp. 78- 103 
A wcll-motivatcd treatment of groups with a number of examples and 
prtiofs of elementary theorems. 
BlRKHOFF AND MacLane, A Survey of Modern Algebra { Revised Edition ) , 
Ch.6 

A treatment of groups which goes far beyond the content of Inierfncdiate 

McCoy, Introduction to Modern Algebra^ Ch 9, pp» 166-180 

This treatment of groups is on a much v^^ider scope than that of Infer- 
mediaie Maibemasics, 
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